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o 

I ""^ ' Abstract. Suppose / : M — >■ Af is a C^+" {a > 0) diffeomorphism on 

a compact smooth orientable manifold M of dimension two, and let fiq, be 

0\ , an equilibrium measure for a Holder continuous potential 't : M — >■ R. We 

show that if fi-q, has positive metric entropy, then / is measure theoretically 
isomorphic mod /xip to the product of a Bernoulli scheme and a finite rotation. 






1. Statements 

Suppose f : M —> M is a C^+" {a > 0) diffeomorphism on a compact smooth 
orientable manifold M of dimension two. Suppose ^ : Af ^> M is Holder continuous. 
An invariant probability measure fi is called an equilibrium measure, if it maximizes 
the quantity h^{f) + J $d/i, where h^{f) is the metric entropy. Such measures 
always exist when / is C°° , because in this case the function /i h^ h^{f) is upper 
semi-continuous [N . Let fi^j, be an ergodic equilibrium measure of 4*. We prove: 

Theorem 1.1. IJ hf^^,{f) > 0, then f is m,easure theoretically isomorphic with 
respect to /i^ to the product of a Bernoulli scheme (see i J3.3)] and a finite rotation 
C*^ ' (a map of the form a; M> (a; + 1) modp on {0, 1, . . . ,p — l}j. 



o 



The proof applies to other potentials, such as —tlogJu [t G M) where J„ is the 
unstable Jacobian, see tj5.2l In the particular case of the measure of maximal 
entropy (^ = 0) we can say more, see ij5.ll 

The theorem is false in higher dimension: Let / denote the product of a hyper- 
bolic toral automorphism and an irrational rotation. This C°° diffeomorphism has 
• 't^ . many equilibrium measures of positive entropy. But / cannot satisfy the conclusion 

^\ ' of the theorem with respect to any of these measures, because / has the irrational 

^ . rotation as a factor, and therefore none of its powers can have ergodic components 

with the K property. 

Bowen [Blj and Ratner [Ra' proved Theorem ll.il for uniformly hyperbolic diffeo- 
morphisms. In the non-uniformly hyperbolic case, Pesin proved that any absolutely 
continuous ergodic invariant measure all of whose Lyapunov exponents are non-zero 
is isomorphic to the product of a Bernoulli scheme and a finite rotation |Pej . By 
Pesin's Entropy Formula and Ruelle's Entropy Inequality, these measures are equi- 
librium measures of — log J„. Ledrappier extended Pesin's result to all equilibrium 
measures with non-zero exponents for the potential — log J„ , including those which 
are not absolutely continuous jLj. These results hold in any dimension. 
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The work of Pesin and Ledrappier (see also jOW| ) uses the fohowing property of 
equihbriuni measures of — log J„ : the conditional measures on unstable manifolds 
are absolutely continuous [L]. This is false for general Holder potentials |LY) . 

Theorem II .11 is proved in three steps: 

(1) Symbolic dynamics: Any ergodic equilibrium measure on M with posi- 
tive entropy is a finite-to-one Holder factor of an ergodic equilibrium mea- 
sure on a countable Markov shift (CMS). 

(2) Ornstein Theory: Factors of equilibrium measures of Holder potentials 
on topologically mixing CMS are Bernoulli. 

(3) Spectral Decomposition: The non-mixing case. 

Notation, a = M^^b means M^^b <a< Mb. 

2. Step One: Symbolic dynamics 

Let ^ be a directed graph with a countable collection of vertices Y s.t. every 
vertex has at least one edge coming in, and at least one edge coming out. The 
countable Markov shift (CMS) associated to ^ is the set 

S = S(^) := {iv,),ez & r^ : v, -^ v,+i for aU i}. 

The natural metric d{u,v) := exp[— inin{|i| : Ui ^ Vi}] turns E into a complete 
separable metric space. S is compact iff ^ is finite. S is locally compact iff every 
vertex of ^ has finite degree. The cylinder sets 

m[am, • . . , a„] := {{vi)iez G T, : vt = at (i = m, . . . , n)} (2.1) 

form a basis for the topology, and they generate the Borel a-algebra ^(E). 

The left shift map cr : S ^- S is defined by cr[(vi)igz] = (wi+i)^^^- Given a,b gY , 
write a —^ b when there is a path a — > ui ^- • • • — ;> u„_i — s- 6 in ^. The left shift 
is topologically transitive iff Va, b E 'f 3n{a —> b). In this case gcd{n : a — >■ a} is 
the same for all a € Y, and is called the period of a. The left shift is topologically 
mixing iff it is topologically transitive and its period is equal to one. See KJ. 

Let S* := {ivi)iez e 'E : 3u,v e fBuk^mk t oo s.t. v^rnk = u,Vnt, = '^l- 
Every cr-invariant probability measure gives E'^ full measure, because of Poincare's 
Recurrence Theorem. 

Suppose f : M -!• M is a C^+"-diffeomorphism of a compact orientable smooth 
manifold M s.t. dimM = 2. If htop{f) = 0, then every /-invariant measure has 
zero entropy by the variational principle, and Theorem 11.11 holds trivially. So we 
assume without loss of generality that htopif) > 0. Fix < % < htopif)- 

A set n C M is called x-Zor^e, if ^(^2) = 1 for every ergodic invariant probability 
measure /z whose entropy is greater than x- The following theorems are in jS2| : 

Theorem 2.1. There exists a locally compact countable Markov shift T.^ and a 
Holder continuous map tt^ : S,^, — > M s.t. tt^o a = f o tt^, 7r-^[I]^] is x^lo,'>'gs> o,i^d 
s.t. every point in 7r^[Ej'] has finitely many pre-images. 

Theorem 2.2. Denote the set of states of S^ by Y-^. There exists a function 
(fx : y^ X "f^ ^S' N s.t. if X = Tr^[{vi)i^z] and Vi = u for infinitely many negative i, 
and Vi = V for infinitely many positive i, then |7r~"'^(2;)| < (Px{u, v). 

Theorem 2.3. Every ergodic f -invariant probability measure n on M such that 
^fj-if) > X equals fi o tt"^ for some ergodic u -invariant probability measure ft on 
S^ with the same entropy. 
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We will use these results to reduce the problem of BernouUicity for equilibrium 
measures for f : M ^ M and the potential ^, to the problem of BernouUicity for 
equilibrium measures for <j : S^ — > Yi^ and the potential -0 := ^P o tt^. 

3. Step Two: Ornstein Theory 

First we describe the structure of equilibrium measures of Holder continuous 
potentials on countable Markov shifts (CMS), and then we show how this structure 
forces, in the topologically mixing case, isomorphism to a Bernoulli scheme. 



3.1. Equilibrium measures on one— sided CMS [BSj . Suppose ^ is countable 
directed graph. The one-sided countable Markov shift associated to ^ is 

E+ - S+(^) := {(t;,).>o e '^"'''^"^ : v, ^ v,+, for all i}. 

Proceeding as in the two-sided case, we equip S+ with the metric d{u,v) := 
exp[— min{i > : Ui ^ Vi}]. The cylinder sets 

[gq, ..., a„_i] := {u e 11+ : Ui = flj (i = 0, . . . , n - 1)} (3.1) 

form a basis for the topology of S+. Notice that unlike the two-sided case (|2.1I) . 
there is no left subscript: the cylinder starts at the zero coordinate. 

The left shift map a : S"*" -^ E''" is given by u : (i;o, wi, . . .) i-^ (f i, f2, • • .). This 
map is not invertible. The natural extension of (I]+,cr) is conjugate to (S],cr). 

A function </) : E+ ^> R is called weakly Holder continuous if there are constants 
C > and 6* e (0, 1) s.t. var„0 < C9"- for all n > 2, where 

var„(/) := sup{0(m) - (j){v) : m ^ v^ (i = 0, . . . , n - 1)}. 

The following inequality holds: 

(n— 1 \ oo 

^0 0(7-' < ^ Yaijcj). (3.2) 

i=0 / j=m+l 

If (j) is bounded, weak Holder continuity is the same as Holder continuity. 

The equilibrium measures for weakly Holder potentials were described by Ruelle 
[Ru] for finite graphs and by Buzzi and the author for countable graphs [BSj . Make 
the following assumptions: 

(a) cr : E ^^ E is topologically mixing. 

(b) 4> is weakly Holder continuous and sup0 < c». (This can be relaxed IBSJ.) 

(c) Pg{<P) •= sup{/im(o') + / 4>dm} < oo, where the supremum ranges over all 
shift invariant measures m s.t. hm{<j) + / 4>dm ^ oo — oo. The potentials 
we will study satisfy PgW < htopif) + max |^| < oo. 

Define for F : E+ ^ R+, {L^F){x) = Y.a(y)=x<i'''^- ^0) ("Ruelle's operator"). 

The iterates of L^ are {LlF){x) = ^^,.(,y)^^e'^(^)+'^('"J^)+-+'^(''""'^)F(y). 

Theorem 3.1 (Buzzi & S.). Under assumptions (a),(b),(c) (p : E+ -^ M has at 
most one equilibrium measure. If this measure exists, then it is equal to hdv where 

(1) h : E+ -^ M. is a positive continuous function s.t. L^h — Xh; 

(2) v is a Borel measure on E which is finite and positive on cylinder sets, 
L*,v = Xv, and J hdv — 1; 

(3) A = expPG((/)) and X~^^ L^l\a] > v[(^h pointwise for every cylinder [a]. 

Parts (1) and (2) continue to hold if we replace (a) by topological transitivity. 
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Corollary 3.2. Assume (a),(b),(c) and let fi be the equilibrium m,easure of (j). For 
every finite S* (1 'f there exists a constant C* — C*{S*) > 1 s.t. for every 
m,n> 1, every n-cylinder [a\, and every m-cylinder [c], 

(1) if the last symbol in a is in S* and [a,c\ ^ 0, then 1/C* < '|'^'t|,, < C* ; 

(2) if the first symbol of a is in S* and [c,a\ ^ 0, then 1/C* < j^'^ i < C* . 



Proof. We begin with a couple of observations (see |W1] V 

Observation 1. Let 0* := + \ogh — log ft, o a — log A, then 0* is weakly Holder 
continuous, and if L = L^. then L*/i = /i, LI = 1, and i"l[ai ^ M[a] pointwise. 

— n— >oo 

Notice that 0* need not be bounded. 

Proof. The convergence \^^Ul\\a\ > hv[(^ and p.2p imply that log h is weakly 

Holder continuous, and vari(logft) < oo. It follows that (jf is weakly Holder contin- 
uous. The identities L* ^ = fi, LI — 1 can be verified by direct calculation. To see 
the convergence i"l[ai ^ hiy[a] we argue as follows. Since (j) has an equilibrium 

— n— >oo 

measure, is positive recurrent, see |BS] . Positive recurrence is invariant under 
the addition of constants and coboundaries, so (p* is also positive recurrent. The 
limit now follows from a theorem in 



Observation 2: For any positive continuous functions F, G : S+ — > K+, 

f F{Goa'')diJ,^ f{L''F)Gd^i. (3.3) 

Proof. Integrate the identity {L'^F)G = L'^{FG o a'^) using L> = ^. 

Observation 3: Let 0* := (/)*-|-(/)*o(tH i-(l>*oa"^^, thenM := exp(sup„>;^ var„+i(/)*' 

is finite, because of p.2p and the weak Holder continuity of (j)* . 

We turn to the proof of the corollary. Suppose a = (oq, . . . , a„_i) and a„_i G 5**. 
By Observation 2, fi{[a,c]) = /[^ L"lyd/x = / e'^"(a^^)l[^(y)dAi(2/). 

It holds that e'^"^^'^') = M^^e'^^^^'^^ for all y,z e C7[a„-i]. Fixing y and averag- 
ing over z £ (T[a„_i] we obtain 

pKi2L,y) — /\,f±i I i / p'*"(2::^)^,,(-,^ 1 

\n{a[an-i]) J '-^ J \n{a[an-i])J 

Let C* := max{M//i(o-[a]) : a e 5*}. Since a„_i e S*, 

e«fea) ^ (Cn^Vy for all y £ a[an-i]. 

Since [a,c] ^ 0, aK_i] D [c], so Ai[a,c] = / e"*"(^'^)ly (2/)dM(y) = (Cr)*V[a]M[c]. 
Now suppose flo € S* and [c, a] 7^ 0, where c = (cq, . . . , Cm-i). As before 
A*[c,a] = /^ i™l[^dM = /[^ e*™(^.^)d/i(y), and e^*"^^) = Af±i(^^^^Jg-_). So 

/ M±i \ 

lAcA = —r~\ n lA^lA^- 

Since \c,(^ ^ 0, tT[cm_i] D [oq], therefore the term in the brackets is in [-p, — r^]- 
If we set C2 := max{M//z[a] : a e S"*}, then n[c,a\ = (C|)='=V[a]M[c]- 

The lemma follows with C* := max{Cj*, C2}. □ 
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3.2. Equilibrium measures on two— sided CMS. We return to two sided CMS 
S = 5](^). A function -0 : S — >■ M is called weakly Holder continuous if there 
are constants C > and < 6* < 1 s.t. var„f/; < C9" for all n > 2, where 
varnV := sup{7/)(a;) - i>{y) : Xi ^ yi (i = ~{n -l),...,n- 1)}. 

A function -0 : S ^- R is called one-sided, if "0(2;) = ip{y) for every x,y £ T, s.t. 
Xi = yi for alH > 0. The following lemma was first proved (in a different setup) by 
Sinai. The proof given in |B2| for subshifts of finite type also works for CMS: 



Lemma 3.3 (Sinai). // : S — > M is weakly Holder continuous and vari^p < oo, 
then there exists a bounded Holder continuous function Lp such that :— ip + ip — ipoa 
is weakly Holder continuous and one-sided. 

Notice that if ip is bounded then is bounded, and that every equilibrium measure 
for lp is an equilibrium measure for and vice verse. 

Since ; S ^> M is one-sided, there is a function 0+ : S+ — > M s.t. 0(x) = 
0'*"(xo,a;i, . . .). If : E -> R is weakly Holder continuous, then 0+ : S+ — > R is 
weakly Holder continuous. 

Any shift invariant probability measure /i on E determines a shift invariant 
probability measure /i+ on E+ through the equations 

^+[ao, . . . ,a„_i] := M(o[ao, • • ■ ,an-i]) 

(cf. (|2.ip and (|3.1|) ). The map /i n- ^+ is a bijection, and it preserves ergodicity 
and entropy. It follows that ^ is an ergodic equilibrium measure for iff /Lt"*" is an 
ergodic equilibrium measure for 0+ . 

Corollary 3.4. Suppose cr : E — > S is topologically mixing. If ijj : T, ^ ^ is weakly 
Holder continuous, sup0 < oo, vari^ < c», and Pcitp) < oo then has at most 
one equilibrium measure /i. This measure is the natural extension of an equilibrium 
measure of a potential : S]+(^) — > R which satisfies assumptions (a),(b),(c). 

3.3. The Bernoulli property. The Bernoulli scheme with probability vector p — 
{Pa)aes is {S^,^{S^),fip,a) where a is the left shift map and fip is given by 
Mp(in[°'m, • ■ • ,a„]) = Pa„, ' ' ' Pa„ • If (^j =^i Mj 2^) is measure theoretically isomorphic 
to a Bernoulli scheme, then we say that (fi,^, /z,T) is a Bernoulli automorphism, 
and /i has the Bernoulli property. In this section we prove: 

Theorem 3.1. Every equilibrium measure of a weakly Holder continuous potential 
"0 : E(^) — !■ R on a topologically mixing countable Markov shift s.t. PQ^tp) < (X) 
and sup ip < oo has the Bernoulli property. 

This was proved by Bowen [Blj in the case when ^ is finite. See |Ra| and [W3| 
for generalizations to larger classes of potentials. 

We need some facts from Ornstein Theory. Suppose /? = {Pi, . . . , P/v} is a finite 
measurable partition for an invertible probability preserving map (51, ^, /^, T). For 
every m, n € Z s.t. m < n, let /3^ := Vr=m T~''f3. 

Definition 3.5 (Ornstein). A finite measurable partition /3 is called weak Bernoulli 
ifye>03k>l s.t. J2 E HAnB)-ij,{A)ij,{B)\<e for alln>0. 

AG/30 „ Be/3^'+" 

Ornstein showed that if an invertible probability preserving transformation has 
a generating increasing sequence of weak Bernoulli partitions, then it is measure 
theoretically isomorphic to a Bernoulli scheme |01|. IOF| . 
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Proof of Theorem 13.11 First we make a reduction to the case when variip < oo. 
To do this, recede S(^) using the Markov partition of cyhnders of length two 
and notice that vari of the new coding equals var2 of the original coding. The 
supremuni and the pressure of ip remain finite, and the variations of ^ continue to 
decay exponentially. 

Suppose /x is an equilibrium measure of ijj : S(^) -^ M. For every 'V C 'f 
finite, let a{y) := {^[v] : v e -T'} U {[J^^y, oH}- We claim that a(r') is weak 
Bernoulli. This implies the Bernoulli property, because of the results of Ornstein 
we cited above. 

We saw in the previous section that the measure /i+ on E+ ($^) given by 

^+[ao,. . . ,a„_i] := A*(o[ao,- ■ • ,an-i]) 

satisfies L*^+ = ^+ and ^"Ifal > A^^[a], where L = La," and 0* : I]+($^) -^ R 

is weakly Holder continuous. By (13. 2p . 

sup(var„+™</)* ) > 0. 

n>l m^oc 

Fix < (5o < 1 so small that 1 — e^* G (^i, t) for aWQ <t < 5q. Fix some smaller 
< (5 < (5o, to be determined later, and choose 

• a finite collection S* of states (vertices) s.t. M(UaeS* o[a]) > 1 — <^; 

• a constant C* =C*{S*)>1 as in Corollary |321 

• a natural number m = m{5) s.t. sup„>]^(var„+m</'^) < <5; 

• a finite collection 7 of m-cylinders o[c] s.t. /i(lj7) > e^"*/^^*-^ ^ ; 

• points a;(c) £ o[c] G 7; 

• natural numbers K{c,c') ([c], [c'] G 7) s.t. for every k > K{c,c') 

(L'=l[^)(a:(c'))-e±Vfe] 
(recall that ^"Ifcl 5> f-i^\c\); 

• A'(5) := max{K{c,c') : [c], [c'] G 7} + m. 

Step 1. Let A := -„[ao, . . . , a„] and B := k[bo, ■ • • , ^n] be two non-empty cylinders 
of length n + 1. If bo, a„ G S* , then for every k > K{6) and every n > 0, 

\fi{Ar]B)-^{A)^{B)\ < 2smh{10d)^i{A)^{B). 
Proof. Let am denote the collection of all ?7T,~cylinders o[c]. For every k > 2m, 

0[c],0[c']GQm 

J2 M(o[a,c]na-('''+"-™)o[c',6]) (shift invariance) 
= E M+([a,c]na-('=+"-™)[c',6]). 

o[c],o[c']Gq,„ 

By Observation 2 in the proof of corollarv l3.2[ 

o[c],o[c']e7-^[^''^ oy,o[c']ea™ "^[^'^^ 

o[c]^7 or o[c']^7 

We call the first sum the "main term" and the second sum the "error term" . 
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To estimate these sums we use the foUowing decomposition: for every y £ [c',b\, 

By the choice of m, e'^'*+i'^-'^^ = e='='^e'^"+i'^-'™) for all w,z e [c]. Fixing z and 
averaging over w £ [c] , we see that 

.-. (£"+^-™l[^,^)(y) = e±*" (^^^) (ir""'l[^)(j^) for j; e [c',6]- (3.4) 

Estimate of the main term,: Suppose k > K{5). If o[c], o[c'] G 7 and y G [c', 6], then 
{L^-^-^\^){y) = e±'^(L'^-"-ily)(x(c')) by choice of m and since y,x(c') G [c'] 
= e^^^V^M by choice of /^((J). 

Plugging this into ((O)) . we see that if k > /i:((5) then (L^+''~"l[^^c])(y) = 6=^^"^^^ [a, c] 
on [c',6]. Integrating over [c',6], we see that for all k > K{5) the main term equals 

o[c]:o[c']e7 \o[c]e7 / \o[c']e7 

The first bracketed sum is bounded above by fi^ [a] . To bound it below, we use the 
assumption that a„ G S* to write 

^ t^'^[a,c]= ^+[a]- Y^ fJ''^[a,c] 

o[c]67 o[c]eam\7,[a,c]#0 

= fi+[a]il-C* Yl ^""fe] 

V o[c]eQ,„\7,[<i,cl#0 

\ 0[c]eQm\7 

> Ai+[a](l - C*(l - e^*/2(c-)=^)^^ ^y ^^j^^j^^g ^f ^ 

> e^ M^[a], by choice of Sq. 

So the first bracketed sum is equal to e^''/i+[a]. Similarly, the second bracketed 
sum is equal to e^''^+[6]. Thus the main term is e='=^*^+[a]^+[6] = e^^^ ^{A) fi{B) . 



Estim,ate of the error term: Since a„ G S* , p.4p implies that 

(L"+'=-"l[,^,])(y) < C*eV+[a](i'-"-'ly)(2/) on [c',b]. 



.-.Error term <C*eV^ [a] ^1 / (^''"'""^ly)(y)^A'^ 

o|c]^7 or o|c']^7 
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o[c],o[c']eam 
o[c]07 or o[c']^7 

<C*eV[«]( E A*+(b]n'T-('=-i)[6])+ E M+(^-^'— '^[c',6]) 

o[c]ea„\7 o[c']eQ:m\7 

o[d]eafc_i o[c']eam\7 

o[do,...,d„_i]^7 

<(C*)2eV[a]( E M+[rf]A^+[a+ E A^+fe>+[&]) C-- ^o G S*) 

o[d]eafc_i o[c']ea™\7 

o[do,---,dm-l]07 

We get that the error term is less than 56 iJ,{A) iJ,{B) . 

We see that for aU k > K{S), ^{A n B) = (e^^^ ± 55) fi{A) ^i{B) , whence 
\^i{A r\B)- ^i{A)ii{B)\ < fJ.{A)fi{B) niaxje-'^'' + 55 - 1, 1 - e^'^'^ + 56}. 
It follows that \fi(A DB)- f4A)fi{B)\ < 2 smh{10S) fj.{A) fj.{B) . 
Step 2. For every k > K{S), for every n > 0, 

E HAnB)- fi{A)fi{B)\ <2 sinh(10(5) + 45. 

Proof. Write A ^ _„[ao, . . . , a„] and S = i;[6o, • • • , &«]• We break the sum into 

(1) the sum over A, B s.t. an, bo G 5**; 

(2) the sum over A,B s.t. a„ ^ 5**; 

(3) the sum over A,B s.t. a„ G 5** and &o ^ S**. 

The first sum is less than 2sinh(105). The second and third sums arc bounded by 
2M[(Ues.o[a])1<2(l-e-^)<2<5. 

Step 3. a.{y) has the weak Bernoulli property for every finite Y' C ^ . 

Proof. Choose 5 so small that 2sinh(10(5) + 45 < e and take K — K{S) as above, 
then X^Aea'' Bea''+" Im(^'~I-S) ^ /^(^)a*(^)I < £ foi' ^U " > 0. Since the partitions 

a('^')-n ^iid a('^')fe~''" ^^^ coarser than q;°_„ and oi/^'^" , the weak Bernoulli property 
for a{y) follows by the triangle inequality. D 

4. Step 3: The Non-Mixing Case 

Lemma 4.1 (Adler, Shields, and Smorodinsky). Let (X,^, iJ,,T) be an ergodic 
invertible probability preserving transformation with a measurable set Xq of positive 
measure such that 

(1) TP{Xo) =Xo mod ^i; 

(2) Xq,T{Xq), . . . ,TP^^{Xq) are pairwise disjoint mod/i; 

(3) PP : Xq -^ Xq equipped with ij,{-\Xq) is a Bernoulli automorphism. 

Then {X, ^, fi, T) is measure theoretically isomorphic to the product of a Bernoulli 
scheme and a finite rotation. 
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Proof (see [ASS] ). Let X, -.^ T'{X) {i ^ 0, ... ,p - 1). Since T is ergodic and 
measure preserving, iJ-{Xi) — ^ for all p. Also, TP{Xi) — Xiinodfi for all i. 
Since T is invertible, T^ : Xi —^ Xi equipped with /i^ := /i(-|Ai) is isomorphic to 
TP : Xq — t' Xq. It follows that /i^. (T^) are all equal. Since /i = -{fio + • • • + fJ-p-i) 
and since fi i-^ /i^(rP) is affine, h^^{TP\x,) = h^{TP) = phf,{T) for every i. 

Let (S,^,m, 5") denote a Bernoulli scheme s.t. hm{S) ~ h^i{T). The map 
5'P : E — >■ E is isomorphic to a Bernoulli scheme with entropy phfj,{T). It follows 
that S''' is isomorphic to T^ : Xq -^ Xq. Let i? : Xq — > E be an isomorphism map: 
^oTP ^ SPod. Define: 



• 



Fp:={0,l,...,p-1} 



• R : Fp ^ Fp, R{x) = a; + 1 (modp) 

• n : A ^ E X Fp, n{x) = {S''['d{y)],i) for the unique {y,i) e Xq x Fp s.t. 
a; = T^{y) (this makes sense on a set of full measure). 

n is an isomorphism from {X, ^, fj,, T) to (E x Fp, ^ ® 2^° ,mx c,S x R), where 
c is -i-xthe counting measure on Fp-. 

(1) n is invertible: The inverse function is (z,i) ^^ T*(?9"-^[S'~*(z)]). 

(2) n o r = (5 x i?) o n: Suppose x e X, and write a; = T'{y) with (y,i) e 
Ao x Fp. Hi < p- 1, then r(x) = T"+'^{y) with (y, i + 1) G Aq x Fp, 
so n[r(a;)] = (5*+Mi?(2/)],* + 1) = (^ x R){S'[d{y)],i)) = [S x i?)[n(x)]. 
If i = p - 1, then T{x) = T[TP-i(y)] and {TP{y),Q) G Xq x Fp. Since 
7? o TP = S-P o ^ on Xo, U[T{x)] ^ {^{TPy),0) = {SP[^{y)], R{p - 1)) = 
{S X R){S'[^{y)],i) ^ {S X R)[Il{x)]. In all cases, B o F = {S xR)oIl. 

(3) /i o B^^ = m X c: For every Borel set F C E and i G Fp, 

ifi o B-i)(F X {z}) = n[^-^S-'{E)] = ^i{Xo)^i{^-'S-\E)\Xo) 

= fi{Xo)ifio o ?9-i)(S'-''F) = im(S'-*F) = -m{E) = (m x c)(F x {i}). 

P P 

It follows that B is a measure theoretic isomorphism. D 

Proof of Theorem 11.11 Suppose fi is an equilibrium measure with positive en- 
tropy for / and the Bolder potential VP : M — )■ K. Fix some < x < /i^(/). By 
Theorems 12.11 and 12.31 there exists a countable Markov shift a : E —> E, a Bolder 
continuous map tt : E — > M, and a shift invariant ergodic probability measure p, 
on E s.t. fl o TT^^ = /i and h-p{a) = hp^{f). In particular, li if) := ^ o tt, then 
h^(a) + / V-d/I = /i^(/) + / -^dii. 

For any other ergodic shift invariant probability measure m, there is a set of 
full measure E C E s.t. tt : E — ;> Ai^ is finite-to-one (Theorem 12. 2p . Therefore the 
/-invariant measure m := ffi o tt^^ has the same entropy as m, whence 



hffM) + / i^dfh = hra{f) + / -^dm < hf,{f) + / ^dfi = %(cr) -f / 



ipdji. 



It follows that /i is an equilibrium measure for cr : E — > E and ip. 

We wish to apply Theorem 13. II The potential ip is Bolder continuous, bounded, 
and PgW = h^{f)+ ^ 'i'dfi < cx). But cr : E -^ E may not be topologically mixing. 
To deal with this difficulty we appeal to the spectral decomposition theorem. 

Since /J is ergodic, it is carried by a topologically transitive E' = E(^') where 
^' is a subgraph of ^. Let p denote the period of E' (see f|2]). The Spectral 
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Decomposition Theorem for CMS [KJ Remark 7.1.35] states that 

S' = So W E'l W • • • W Ep_i 

where every S' is a union of states of S, cr(S') = E'. , ,s . , and a^ : S' — )► E' 
is topologically mixing. Each crP : E^ — J- E^ is topologically conjugate to the CMS 
E(^/) where ^/ is the directed graph with 

• vertices (uq, wi, . . . , Wp-i) where uq — >■ ••■ — )> Wp-i is a path in ^' which 
starts at one of the states in E'^, 

• and edges (wo,- • • ,Wp-i) -> (i«o, • • • ,Wp_i) iff i^p-i = wq- 

Let /ii := /2(-|S^). It is not difficult to see that /ti is an equihbrium measure for 
(jP : E^ ^^ S^ with respect to the potential Vp :=V' + ^°f + ''' + ^° a^^^ . It is 
also not difficult to see that f/ip can be identified with a bounded Holder continuous 
potential V'p on E(^/) and that Pck^]!) = pPcW < oo. 

By Theorem 13.11 cr^ : E^ — ;• E^ equipped with Jli is isomorphic to a Bernoulli 
scheme. 

Let Xt := 7r(E9. Since tt o a = / o tt, f{Xi) = X(i+i)mod p- Each Xi is /P- 
invariant, and P : Xi ~^ Xi equipped with ^i :— ^{■\Xi) is a factor of o-^ : E'^ — > E-. 
By Ornstein's Theorem |01] . factors of Bernoulli automorphisms are Bernoulli 
automorphisms. So f^ : Xi ^ Xi are Bernoulli automorphisms. 

In particular, fP : Xi ^ Xi are ergodic. Since Xi n Xj is /^ -invariant, cither 
Xi = Xj or X^nXj = 0mod/i. So there exists q\p s.t. M = XqW- • -ttlXq-i mod/i. 
Since g|p, /(X^) = ^(j+i)mod g, and /« : Xq ^ Xq is a root of /p-.Xq^ Xq. Since 
P is Bernoulli, f^ is Bernoulli [03] . By Lemma l4.1[ (M,^(M),/x, /) is isomorphic 
to the product of a Bernoulli scheme and a finite rotation. D 

5. Concluding remarks 

We discuss some additional consequences of the proof we presented in the pre- 
vious sections. In what follows / : M ^' M is a C^"*"" surface diffeomorphism on 
a compact smooth orientable surface. We assume throughout that the topological 
entropy of / is positive. 

5.1. The measure of mELximal entropy is virtually Markov. Equilibrium 
measures for ^ = are called measures of maximal entropy for obvious reasons. 

A famous theorem of Adler & Weiss [AW] says that an ergodic measure of 
maximal entropy //max for a hyperbolic toral automorphism / : T^ — > T'^ can be 
coded as finite state Markov chain. More precisely, there exists a subshift of finite 
type (7 : E — > E and a Holder continuous map tt : E ^^ T^ such that (a) no a = /ott; 
(b) /^max — Mmax ° T^~^ whcrc /Imax is an crgodic Markov measure on E; and (c) tt 
is a measure theoretic isomorphism. 

This was extended by Bowen [B2 to all Axiom A diffcomorphisms, using Parry's 
characterization of the measure of maximal entropy for a subshift of finite type |Paj . 
Bowcn's result holds in any dimension. 

In dimension two, we have the following generalization to general C^^" surface 
diffeomorphisms with positive topological entropy: 

Theorem 5.1. Suppose //max is an ergodic measure oj maximal entropy for f, then 
there exists a topologically transitive CMS cr : E ^^ E and a Holder continuous map 
TT : T, ^ AI s.t. (a) TT o cr = / o n; (b) ^max — /<max o TT^-*^ wkcre ^max *s an ergodic 
Markov measure on E; and (c) 3E' C E of full measure s.t. t:\^i is n-to-one. 
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Proof. The arguments in the previous section show that /Umax = /'max ° tt^^ where 
/Jmax is an ergodic measure of maximal entropy on some topologically transitive 
countable Markov shift I](^) and vr : S(^) — )■ M is Holder continuous map s.t. 
TT o a = f o n and such that tt is finite-to-one on a set of full /I,„ax~ineasure. Since 
X I— >■ |7r~"'^(a;)| is /-invariant, n is n-to-one on a set of full measure for some n G N. 
Gurevich's Theorem [G^ says that ^max is a Markov measure. Ergodicity forces 
the support of /imax to be a topologically transitive sub-CMS of S(^). □ 

The example mentioned in the introduction shows that the theorem is false in 
dimension larger than two. 



5.2. Equilibrium measures for — tlogJ„. Theorem ll.il was stated for equilib- 
rium measures fi of Holder continuous functions ^ : M — >■ R, but the proof works 
equally well for any function ^ s.t. i/j := ^ o tt^ is a bounded Holder continuous 
function on E-^. Here x is any positive number strictly smaller than hf^{f), and 
TT^ : S^ — )■ M is the Markov extension described in Sj2l 

We discuss a particular example which appears naturally in hyperbolic dynamics 
(see e.g. [BP], [L],[B1]). 

Let M' denote the set of a; G M s.t. T^M splits into the direct sum of two 
one-dimensional spaces E^{x) and E^{x) so that linisup ^ log ||d/"iz||/n(2;) < for 

n— >oo 

ah V e E%x) \ {0}, and limsup i log \\df^"'v\\f-,^(^^^ < for aU v e £:"(a;) \ {0}. 

It is well-known that if the spaces E^{x)^ E'^{x) exist, then they are unique, and 
dUE^ix)] = E"{f{x)), dU[E%x)] = E^ifix)). 

Definition 5.1. The unstable Jacobian is Ju{x) :— \det{dfx\E^(x))\ {x £ M'). 

Equivalently, Ju{x) is the unique positive number s.t. ||4fa;(l!)||/(2;) — Ju{x)\\v\\x for 
all V G E"{x). 

Notice that J„(x) is only defined on M' . Oseledets' Theorem and Ruelle's En- 
tropy Inequality guarantee that fJ.{M \ M') — for every /-ergodic invariant mea- 
sure with positive entropy. 

The maps x i— >■ E"(x), x i— > E'^(x) are in general not smooth. Erin's Theorem 
states that these maps are Holder continuous on Pesin sets |BP1 §5.3]. Therefore 
Ju{x) is Holder continuous on Pesin sets. We have no reason to expect J„(x) to 
extend to a Holder continuous function on M. 

Luckily, the following holds |S21 Proposition 12.2.1]: For the Markov extension 
TT^ : S^ — )► M, E"{Tr{u)),E''{7r{u)) are well-defined for every m G S, and the maps 
u I— > E'^''{u),u i-T- E^{u) are Holder continuous on S^. As a result J„o7r is a globally 
defined bounded Holder continuous function on E^. 

Since / is a diffeomorphism, log( J^ o tt) is also globally defined, bounded and 
Holder continuous. 

Theorem 5.2. Suppose /i maximizes h^(f) — t J (log Ju)d^ am.ong all ergodic in- 
variant probability measures carried by M' . If hfi{J) > 0, then f is measure theo- 
retically isomorphic w.r.t. ii a Bernoulli scheme times a finite rotation. 



The case t — I follows from the work of Ledrappier pQ , see also Pesin 

5.3. How^ many ergodic equilibrium measures w^ith positive entropy? 

Theorem 5.3. A Holder continuous potential on M has at most countably many 
ergodic equilibrium measures with positive entropy. 
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Proof. Fix ^ : Af — > M Holder continuous (more generally a function such that ip 
defined below is Holder continuous). 

Given < x < htopif), we show that ^ has at most countably many ergodic 
equilibrium measures /i s.t. h^{f) > x- 

Let TT^ : E^ — > A/ denote the Markov extension described in ^ and let ^ denote 



the directed graph s.t. S^ = S(^). We saw in the proof of Theorem II. II that every 
ergodic equilibrium measure /i for $ s.t. h^{f) > x is the projection of some ergodic 
equilibrium measure for tf) :— '^ o ii^ : I](^) — )■ K. So it is enough to show that ij: 
has at most countably many ergodic equilibrium measures. 

Every ergodic equilibrium measure /i on S(^) is carried by Ti{J^if) where (i) J^ 
is a subgraph of ^, (ii) a : Yi{,y^) — s> I](Jf ) is topologically transitive, and (iii) 
S(J^) carries an equilibrium measure for ij: : S(^) — > R. Simply take the subgraph 
with vertices a s.t. /i(o[a]) ^ and edges a -^ b s.t. /i(o[a, &]) 7^ 0. 

For every subgraph ^ satisfying (i),(ii), and (iii) there is exactly one equilibrium 
measure for ij^ on E(J^). The support of this measure is S](J^), see Corollarv 13.41 
and Theorem 13. II 

So every ergodic equilibrium measure sits on Yi{jif) where J^ satisfies (i), (ii), 
and (iii), and every such T,{J^) carries exactly one measure like that. As a result, it 
is enough to show that ^ contains at most countably many subgraphs Jif satisfying 
(i), (ii), and (iii). 

We do this by showing that any two different subgraphs Jifi, M2 like that have 
disjoint sets of vertices. Assume by contradiction that J^, J^ share a vertex. Then 
Jf :— JiV\ U M'l satisfies (i), (ii), and (iii). By the discussion above, Y^^M') carries 
at most one equilibrium measure for ?/;. But it carries at least two such measures: 
one with support I](J^) and one with support E(J^). This contradiction shows 
that Mx and J^ cannot have common vertices. D 

The case Vt = — log J„ is due to Ledrappier [L] and Pesin |Pe) . The case ^1/ = 
was done at [S2] . Buzzi [Buj had shown that the measure of maximal entropy of 
a piecewise affine surface homeomorphism has finitely many ergodic components, 
and has conjectured that a similar result holds for C°° surface diffeomorphisms 
with positive topological entropy. 

5.4. Acknowledgements. The author wishes to thank A. Katok and Y. Pesin 
for the suggestion to apply the results of }S2j to the study of the Bernoulli prop- 
erty of surface diffeomorphisms with respect to measures of maximal entropy and 
equilibrium measures of — tlog J„. 
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